1-POINT GROMOV-WITTEN INVARIANTS OF THE MODULI 
SPACES OF SHEAVES OVER THE PROJECTIVE PLANE 



WEI-PING Lli AND ZHENBO QIN^ 

Abstract. The Gieseker-Uhlenbeck morphism maps the Gieseker moduh space 
of stable rank-2 sheaves on a smooth projective surface to the Uhlenbeck com- 
pactification, and is a generalization of the Hilbert-Chow morphism for Hilbert 
schemes of points. When the surface is the complex projective plane, we deter- 
mine all the 1-point genus-0 Gromov-Witten invariants extremal with respect to 
the Gieseker-Uhlenbeck morphism. The main idea is to understand the virtual 
fundamental class of the moduli space of stable maps by studying the obstruction 
sheaf and using a meromorphic 2-form on the Gieseker moduli space. 



1. Introduction 

Recently there have been intensive interests in studying the quantum cohomology 
and Gromov-Witten theory of Hilbert schemes of points on algebraic surfaces. Two 
main reasons are the connections with the Donaldson-Thomas theory of 3-folds and 
with Kuan's Cohomological Crepant Resolution Conjecture. Roughly speaking, 
the Crepant Resolution Conjecture asserts that the quantum cohomology of an 
orbifold Z coincides with the quantum cohomology of a crepant resolution Y of 
Z after analytic continuation and specialization of quantum parameters. For an 
algebraic surface X, let X^"' be the Hilbert scheme of n-points on X and Sym"(X) 
be the n-th symmetric product of X. It is well-known that Xt"! is smooth of 
dimension In and the Hilbert-Chow morphism $ : X'"^ — Sym"(X) is a crepant 
resolution of the global orbifold Sym"^(X). 

A natural generalization of the Hilbert-Chow morphism <l> is the Gieseker- 
Uhlenbeck morphism \l/ from the moduli space of Gieseker semistable rank-2 torsion- 
free sheaves on X to the Uhlenbeck compactification space. This morphism was 
constructed in |LJll IMor] . and was shown to be crepant |LJ2l |Q-Z| when the 



Gieseker moduli space is smooth. For the projective plane X = P^, the moduli 
space 9Jt(?7,) of Gieseker semistable sheaves \^ on X with c\{y) = —1 and C2{V) = n 
is a smooth irreducible projective variety of dimension (4n — 4) when n > 1. In 



Q-Z| , it is proved that there is exactly one primitive integral class f G H2{Tl{n); Z) 
contracted by the Gieseker-Uhlenbeck morphism \E' : 9Jl(n) — > 

The goal of this paper is to determine all the 1-point genus-0 Gromov-Witten 
invariants (a)o,df, a G H^^~^'^{dJl{n)]C) extremal with respect to ^ for > 3. 
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When n > 3, the homology group if4(0Jl(n); C) is of rank 6, and a basis is given 
by {Si, . . . , Eq} (see Sect. |4]for details). The Poincare duals PD(Si), . . . , PD(S6) 
form a basis of H^''-^^{M{n); C). 

Theorem 1.1. Let d > 1 and n > 3. The Gromov-Witten invariants {<y)o,dj for 
the classes a = PD(Si), . . . , PD(S6) G H^"'^^'^{n{n); C) are respectively equal to 

-6/rf^ 12/^2, 0, -6/d^ 0, 0. 

When n = 1, the moduli space DJl{n) is a point. When n = 2, the fourth Betti 
number 64 of the moduli space DJl{n) is equal to 3 which is different from the case 
n > 3. The result for n = 2 will appear elsewhere via a different method (see 
Remark [321). 

An interesting observation is that the 1-point genus-0 Gromov-Witten invariants 
(tt)o,df are independent of the second Chern class n. 

Conjecture 1.2. Let d > 1 and n > 3. Then the extremal genus-0 Gromov-Witten 
invariants (ai, . . . , ak)o,df of the moduli space DJl{n) are independent of n. 

There are two main ideas in our proof of Theorem 11.11 The first one is to 
determine the restriction of the obstruction sheaf of the Gromov-Witten theory 
for DJl{n) to certain open subset of the moduli space Tlo^i(^M{n),df) of stable 
maps. This enables us to determine the 1-point invariants {a)o,df for the first four 
cohomology classes a = PD(Si), . . . , PD(S4). 

The second one is to study the support of the virtual fundamental class 

[mo,imn),df)Y" e A4„-6po,iP(^),c?f)) 

using the techniques developed in |K-Ll HTL] . By introducing a suitable meromor- 
phic 2-form on the Gieseker moduli space OJl(n), we show that 

eT;i(Supp(po,i(M(n),f/f)]"^)) C %Coin)Y[iiaAn) (1.1) 

where evi : Tlo^i{Tl{n), df) — > OJl(n) is the evaluation map, and Tco('^) (respec- 
tively, iico^n)) is the subset of DJl{n) consisting of all the non- locally free sheaves 
V such that V\co contains torsion (respectively, V\co is torsion- free and unstable). 
This allows us to show that (a)o,df = for a = PD(S5), PD(S6). 

This paper is organized as follows. In ^ the Gromov-Witten theory is re- 
viewed. In §31 we recall some properties of the Gieseker moduli space 9Jl(n) and 
the Gieseker- Uhlenbeck morphism We study the boundary divisor of DJi^n) 
consisting of non-locally free sheaves in dyi{n). In §11 the basis {Si, . . . ,^6} for 
i^4(0Jl(n); C) is constructed. In §5l we analyze the obstruction sheaf of the Gromov- 
Witten theory for 9JI(?t,). In §6l (11.11) is proved. In §3, we verify Theorem ll.il 

Acknowledgments. We would like to thank Jun Li for helpful discussions. We 
also would like to thank the referee for suggestions which helped to remove the 
condition n > 5 in the original draft. 
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2. Stable maps and Gromov-Witten invariants 

Let y be a smooth projective variety. A /c-pointed stable map to Y consists of a 
complete nodal curve D with k distinct ordered smooth points pi, . . . ,pk and a mor- 
phism ^ : D ^ Y such that the data (/i, D,pi, . . . ,pk) has only finitely many au- 
tomorphisms. In this case, the stable map is denoted by [fi : {D;pi, . . . ,pk) — > Y]. 
For a fixed homology class [3 G H2{Y, Z), let Tlg^kiX, jd) be the coarse moduli space 
parameterizing all the stable maps [/i : {D;pi, . . . ,pk) Y] such that /i*[-D] = /3 
and the arithmetic genus of D is g. Then, we have the evaluation map: 

eVk:mg,k{Y,P)^Y'' (2.1) 

defined hj evkjlfi : { D]Pi, ...,Pk) ^ Y]) = (Kpi)^- -^KPk))- It is known [F-Pj 
ILTlt ILT2t IBehl IB-Fj that the coarse moduli space DJlg^kiY, P) is projective and has 
a virtual fundamental class [Tlg^k{y, P)]™ ^ Ai}(S^g,k{y, P)) where 

d = -{Ky ■ P) + (dim(r) - 3)(1 - (7) + (2.2) 

is the expected complex dimension of 9Jlg,fc(F, /5), and y4o(9Jlg,fc(F, /3)) is the Chow 
group of D-dimensional cycles in the moduh space 9Jlp^fc(F, /3). 

The Gromov-Witten invariants are defined by using the virtual fundamental 

class pig^kiX, p)Y'\ Recall that an element a G H*(YX)= {YX) 
is homogeneous if a G H^{Y,C) for some j; in this case, we take \a\ = j. Let 
Ofc G H*{Y,C) such that every is homogeneous and X]^=i l*^*! — 2f. 
Then, we have the /c-point Gromov-Witten invariant defined by: 

(ai, . . . ,afc)g,/3 = /_ evl{ai^ . . . ® Ok). (2.3) 

J[9ng,fc(y,/3)]v- 

Next, we summarize certain properties concerning the virtual fundamental class. 
To begin with, we recall that the excess dimension is the difference between the 
dimension of 9Jtg_fc(F, P) and the expected dimension d in (12.21) . For < i < A;, use 

fk,i:Tlg,k{Y,P)^mg4Y,P) (2.4) 

to stand for the forgetful map obtained by forgetting the last (k — i) marked points 
and contracting all the unstable components. It is known that fk,i is flat when 
P j^O andO <i < k. The following can be found in tLTTl [Bihl [GeiilOK] . 

Proposition 2.1. Let P G H2{Y,'L) and P ^ 0. Let e be the excess dimension of 
DJig^kiY, P) , and 971 C ^!fJtg^k(Y, P) be a closed subscheme. Then, 

(i) p3,fc(y,/5)]''- = (/fc,o)*p3,o(>^,/?)]"^- 

(ii) [9Jtg,fc(>^, /?)]"'' = Ce{R^{fk+i,k)*{evk+iT'TY) if R^{fk+i,k)*{evk+i)*TY isarank- 
e locally free sheaf over the moduli space 9Jtc,_fc(F, /5); 

(in) [!Hg,fe_(F,/?)]"''|OT = Ce((-Rn/fc+i,fc)*(e^^fc+i)*7V)|OT) if there exists an open 
subset O of "ORg^kiXi P) such that OJl C D (i.e, O is an open neighborhood of VJl) 
and the restriction {R^{fk+i,k)*{evk+i)*TY)\o is a rank-e locally free sheaf over D. 



4 



WEI-PING LI AND ZHENBO QIN 



3. The moduli space of stable rank-2 sheaves on 
3.1. Some basic facts of the moduli space. 

Throughout the rest of this paper, let X = be the projective plane, and let £ 
be a line in X. For an integer n, let DJl{n) be the moduli space parametrizing all 
Gieseker-semistable rank-2 sheaves V over X with ci{V) = —i,C2{V) = n. Note 
that every such sheaf V is actually slope-stable and hence is Gieseker-stable. It is 
well-known that, when n > 1, OJl(n) is nonempty, smooth, irreducible and rational 
with the expected dimension (4n — 4); in addition, a universal sheaf over DJt{n) x 
X exists. By the Theorem 1 in [Mar] . the cohomology groups (9Jl(n); Z) are 
torsion-free for all i and vanish for odd i. So are the homology groups Hi (pK{n); Z) . 
Let 6j(0Jl(n)) be the i-th Betti number of and put 

8n-8 
1=0 

By the Theorem 0.1 of [Yosj . p(JM{n); q) equals the coefficient of of the series 

1 / g2(b+l)(2fe+l) g2b(2fc+5) X ^^^^^^ 

(g2 _ 1) . ^^^^ ^2n(2„-l)^„2 ■ ^ V 1 - g8(fe+l)^2fe+l ^ _ ^86^2^+1 j ^ 



d>l 



In the rest of the subsection, we review Str0mme's work in |Str ] and give a basis 
of H'^{n{n),Z) in terms of the classes from ^Str] . A basis of H4(^M{n),Z) with 
geometric flavors will be constructed in Section HI 

Fix n > 2. Let £^ be a universal sheaf over OJl(n) x X, and let tti and 7i2 be the 
two natural projections on OK(n) x X. For < k < 2, define 

Ak = R^TTi,{£ (g) TxlOx{-M)). 

For V e M(n), denote V ® Ox{M) hj V ® Ox{k) or V{k). Then, 

h^{X,V{-k)) = h^{X,V{-k)) = Q for0<fc<2, (3.2) 
h^{X,V) = h^{X,V{-2))=n-l, h^{X,V{-l)) = n (3.3) 



by the Proposition 1.5 in |Strj . It follows that the three sheaves Aq,Ai,A2 over 
07l(n) are locally free of rank (n — 1), n, (n — 1) respectively. 

Definition 3.1. Let < A; < 2 and be the rank of Ak- Define 

e = ci(^o) - ci(A), 
5 = n- Ci{Ao) - (n- 1) ■ Ci{Ai), 
Tk = 2rk- C2iAk) - (r-k- I) ■ CiiAkf. 
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Note that these classes e, 5, are independent of the choices of the universal 
sheaf £ over 9Jl(n) x X. Let -f%i(„) be the canonical class of !H(n), be the 

open subset of OJl(n) parametrizing stable bundles, and 

03 =M(n) -9Jl(n). (3.4) 

By the Theorem in |Str] . Pic(OJt(n)) is freely generated by e and 5, and 

^OT(n) = -3e, 23 = ne-25. (3.5) 

Also, ae + M is ample if and only if a, 6 > 0, and ?B is irreducible and reduced. 

It is known from [Beat lE-Sl IMarj that the cohomology ring if*(OJl(n); Z) is gen- 
erated by the Chern classes of the bundles Aq, Ai, A2- It follows that H^{^{n); Z) 
is the Z-linear span of the six integral classes: 

e5, 5^ To, n, T2. (3.6) 

By ( 13.11) . the rank of if^(OJl(n); Z) is 3 when n = 2, and is 6 when n > 3. Therefore, 
if n > 3, then a linear basis of if^(9Jl(?T,); Z) is given by the six classes in (13. 6p . 

Remark 3.2. When n = 2, the rank of iJ4(3Jt(n); Z) is different from that of the 
case n > 3. Therefore the construction of a basis of if4(0Jt(n); Z) in §l]for n > 3 
needs to be modified. However, there is a method to describe the moduli space 
971(2) using the moduli spaces of stable sheaves on the Hirzebruch surface Fi and 
chamber structures, which enable us to compute all the Gromov-Witten invariants 
of njl(2) (instead of a special kind considered in this paper for n > 3). Since the 
method is different, the result for n = 2 will appear elsewhere. 

3.2. The boundary and the Uhlenbeck compactification. 

The quasi-projective variety Wl{n) has a Uhlenbeck compactification 

ii{n) = Y[ - X Sym^(X) (3.7) 

0<i<n-l 

according to |UhU ILJlt IMor] . Moreover, there exists a birational morphism, called 
the Gieseker- Uhlenbeck morphism, 

^ : M{n) ^n(n) (3.8) 

sending V G Tl{n) to the pair {V**, rj) where V** is the double-dual of V and 

r; = Y.h\X,{V**/V):) X. 

It follows that the boundary divisor 03 in (13. 4p is contracted by \& to the codimension- 
2 subset U m{n - i) x Sym^(X) in \X{n). 

Let = \&"^(97l(n - 1) x X) C M{n) which parametrizes all V G M{n) sitting 
in exact sequences — V ^ Vi — (9^. — > for some bundle Vi G 97l(r2 — 1) and 
some point x G X. It is an open dense subset of the boundary divisor 03. 
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To construct a universal sheaf over x X, let be a universal sheaf over 
m{n - 1) X X. By [Q^, 03* ^ For simphcity, write 55, = P(i'°„i). Let 

TT : 03, = P(^°_i) ^ - 1) x X (3.9) 

be the natural projection. Let be the diagonal of X x X. Consider the obvious 
isomorphism a : lDT(n — 1) x —>■ — 1) x X. Then, we have the isomorphisms: 

^*^n-ll(7rxIdx)-i(OT(n-l)xAx) " ^* (3.10) 

where vr : 03* x X ^ dJt{n — 1) x X is the composition of vr x Idx and the map 
9Jl(n — 1) X X X X ^ 9Jl(n — 1) x X which denotes the projection to the product of 
the first and third factors, and a : F{a*£^_{) — > OJt(n — 1) x X is the composition 
of the natural projection ¥{a*8^_^) OJt(ri — 1) x Ax and a. A universal sheaf 
S' over 03, X X sits in the exact sequence 

^ £' ^ Ti*Sn-i ~^ C'(7rxidx)-i(5n("-i)xAx)(l) ~^ 0- (3-11) 
The following lemma will be used in later sections. 

Lemma 3.3. Let vfj be the i-th projection on 9Jl(r?, — 1) x X, and let 

where w4°_]^ ^ = R^7Ti^{Sll_i 7r|Cx(— ^^))- Then as divisors in 

23,|*B. = -2ci(Oa3.(l)) + (^i0 7r)*S)„_i + 2(7f2 7r)*£. (3.12) 
Proof. Since 03, is open and dense in 03, we see from (13.51) and Definition 13.11 that 
= = {2{n - l)ci(A) - nci(A) - nci{Ao)) \^^. (3.13) 

Next, let < A; < 2, and let tTj be the i-th projection on ?B, x X. Then the 
restriction of tti to the subset (vr x ldx)~^{^{n — 1) x Ax) is an isomorphism from 
(tt X ldxy\Tl{n - 1) X Ax) to ?B,. Thus tensoring fIXTT]) by 7i^Ox{-ki) and 
then applying the functor tti,, we get the exact sequence 

^ C^.(l) ® (^2 o 7iyOx{-ki) ^ i?i7ri,(^' ® 7r*Cx(-A;^)) 
i?Vi,(^*^o_i ®7r*Ox(-H)) ^ 0. 
Note that 7r2 = 7r2 o tt. Also, -R"'^7ri,7r* = (vfi o 7r)*i?-'^7fi, via the trivial base change: 

03, X X ^ 03, 

i 71" i Vf 1 O TT 

9!Jl(n-l)xX ^ m{n-l). 
Therefore, rewriting the 3rd term in the above exact sequence, we obtain 
^ 0^,{1) ® (^2 o 7iyOx{-k£) R'nuiS' ® 7T*Ox{-ke)) 

So the first Chern class Ci (-R^7ri,(£^' (g) n^Oxi—ki))) equals 

Ci(Oq5,(1)) -fc(7f2 7r)*£+(^i0 7r)*ci(^°_ij, (3.14) 
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and the second Chern class C2[R^tti*{S' 7!'20x{~ki))) is equal to 

(ci (0<8. (1)) - o nyi) . (^1 o 7r)*ci (^ti,,) + (fri o 7r)*C2 . (3.15) 

Finally, we conclude from (13.131) and fl3.14p that 

^*|'8. = -2 ci (0«B* (1)) + 2 (^2 o 7r)*£ + (^1 o 7r)*2) 

where D = 2(n - l)ci(^°_i^i) - nci(^°_i 2) -^ci(^°„i o). Let ei,5i G Pic(M(n- 
1)) be the counter-parts of e, 5 G Pic(0K(?2)). By (13. 5p and Definition 13. H 

= (M(n-l)-OJt(n-l))|OT(„-i) 
= [{n - l)ei - 26i]\m{n-i) 

= 2{n - 2)c,{AU^,) -in- l)cM'n-i,2) ' (n - l)ci(^ti,o)- 
So 03,103* = -2ci(C^.(l)) +2(7f2 7r)*£+ (^1 o7r)*D„_i. □ 

3.3. Curves in 9Jt(n). 

We shall construct two curves in the Gieseker moduli space £DT(n) which freely 
generate the homology group if2(9Jt(n), Z). One such curve is a fiber f of the 
morphism vr from (13. 9p . The following is the Lemma 3.2 in |Q-Z| . 

Lemma 3.4. Let N^^-^^^-^ be the normal bundle of f in 9Jl(n). Then, 

(i) f-i^^(n) = andf-^ = -2; 

(ii) iVj^^(„) = Of'--'^ © Ofi-2); 

(iii) %(n)lf = Of'"--'^ © OK-2) © (^f(2). □ 

Next, we shall construct the other curve. Let n > 3, and let ^ consist of n 
distinct points in general position in X = P^. If sits in a nontrivial extension 

0^ Oxi-l) ^I^^O, (3.16) 

then V is stable and hence V G Tl{n). Moreover, since H^{X,I^ © Cx(l)) = 0, 
the injection Ox(— 1) ^ V is unique up to scalars. It follows that 

(En = P(Exti(J^, Oxi-l))) = P"-' (3.17) 

can be regarded as the subset of Tl(n) parametrizing all the sheaves V G Tl{n) 
sitting in nontrivial extensions (I3.16p . A universal sheaf S' over (B„ x X sits in 

^ Tr;Oxi-i) ^S' ^ 7r*0£„(-l) © n^I^ 0. (3.18) 

Tensoring by H20xi—k£) and applying ttu lead to the exact sequence: 

_ R^nuiS' © 7f;Oxi-ki)) ^ O^J-l)®'^^(^'^e(-'=)) ^ (^(BhHxM-(k+m) _ 

where < k < 2. An easy computation gives rise to the following: 

Ci(i?W) = -(n-l).ci(Oe.(l)), 
ci{RWiS'®7r;Oxi-ke))) = -n-ci{OeAl)) 
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where k = 1,2. It follows immediately from Definition 13. II that 

ek„ = ci(0^„(l)), 6\^„ = 0. (3.19) 

Lemma 3.5. Let n > 3 and I be a line in the projective space fBn- 

(i) The homology group H2{'0Jl{n); Z) is freely generated by f and [; 

(ii) The class af + hi E H2{n{n)] Z) is effective if and only if a,b > 0; 

(iii) If C G DJl{n) is an irreducible curve contracted by the Gieseker- Uhlenbeck 
morphism , then C = df G H2{Dyt{n)] Z) for some positive integer d. 

Proof, (i) Since m{n) is rational, H\m{n) , O^f^^^^) = for all i > 1. Hence 
H^{M{ny,Z) = Pic(M(n)), and H^{m{ny,Z) is freely generated by e and 6. By 
fl3T9D . [ ■ £= 1 and [ ■ 5 = 0. By Definition O and I^Ml, f ■ e = and f ■ 5 = 1. 
Since H2{n{n); Z) is torsion-free, H2{n{n); Z) is freely generated by f and [. 

(ii) Since f and I are effective, af + hi is effective if a, 6 > 0. Conversely, if af + 6[ 
is effective, then a,b > since the divisor ce + d6 is ample if and only if c,d > 0. 

(iii) By (ii), C = df + hi G H2{DJt{n); Z) where d and b are nonnegative integers 
not both zero. Let L be a very ample divisor on ii{n). Then, f ■ \E'*L = and 
I ■ \I/*L > 0. Since \E'*L is a nonzero divisor and H2{Dyi{n); Z) is freely generated 
by f and 1, we must have 1 ■ \E'*L > 0. Thus, C ■ = forces 6 = 0. □ 

4. A basis oi Hi{M{n);C) 

In this section, we assume n > 3. Then the integral homology group if4(9Jl(n); Z) 
is free of rank 6. In the following, we construct a basis {Si, . . . , Sg} for H4(JM{n); C). 
This construction makes use of a result due to Hirschowitz and Hulek. 

We review the results in |H-H] where complete rational curves were found in 
DJl{n). Let n > 2 and F = P^. Fix lines £i, . . . , C X = in general position. 
For 1 < i < n, let 0j : F — i> £j be an isomorphism, and define C F x X to be the 
graph of For generic choices of 0i, . . . , 0„, it was proved in |H-H] that Yi, . . . , y„ 

are disjoint. Moreover, if Ny/rxx denotes the normal bundle of Y =^ ljr=i ^« 
F X X, then det(Xy/rxx) — C^rxx(2, l)|y- Therefore, the element 

1 G H\Y, Or) ^ Ext' (Orxx(2, 0) ® Jy, Orxx(0, -1)) 
defines a rank-2 bundle Sn over F x X sitting in an exact sequence 

^ Orxx(0, -1) -^£n^ Orxx(2, 0) ® Jy ^ (4.1) 
such that Sn\{p}xx ^ 2)T(n) for all p G F, and Sn induces a non-constant morphism 

l:T ^ m{n). 

Let TTi and 712 be the natural projections on F x X. Let 

An,k = R'^USn ® n^Oxi-ki)). (4.2) 
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By the Lemma 3.5 in |H-H] . the degrees of the bundles An,k are 

( 2n-2, iik = 0, 
an,k = { if /c = 1, (4.3) 

[ 0, if A; = 2. 

Remark 4.1. (i) Let n>2. By (13. 3p . the condition in Corollarie (6.9.9) of |Groj is 
satisfied. Hence the base-change theorem of the first direct image holds for every 
projective morphism to 3Jl(n) and for the sheaf 8®Ti20x{—ktj with < A; < 2. For 
a finite morphism ip from Y onto a subvariety of 9Jl(n), the intersection numbers of 
tp{Y) with e^, 5^, tq, ti, T2 can be computed on Y , via the projection formula, by 
pulling back the Chern classes of the first direct images of the sheaf S®'K20x{—ki) 
with < < 2. 

(ii) Let n > 3. Then {n — 1) > 2. In Subsect. 14. 2[ we will construct a surface 
Y = 7r^^(r X {y}) admitting a finite morphism onto a surface S3 of DJl{n). This 
finite morphism factors through the non-constant morphism i : F — ^ OJl(n — 1). 
Applying (i), we may assume for convenience that F C OJl(n— 1) and consequently 
y = S3 C DJl{n) (in fact, it can be proved that when n > 5, the morphism 
L : r ^ ^M{n — 1) is injective). Similar discussion works for S4. 

4.1. The homology classes Si,S2 G H4{Tl{n);C). 

Let n > 3, and assume F C DJl{n — 1) as pointed out in Remark 14.11 (ii). Let 

P = F{Sn-i) = vr-i(F X X) C <B,. Then P parametrizes all the sheaves V G M{n) 
sitting in 

^ Sn-l\{p}xX ^ Ox ^ 

for some p eT and x G X. We still use vr to denote the natural projection 

TT : P ^ F X X. 

By (13.111) . a universal sheaf S over P x X sits in the exact sequence 

^ ^ ^ rSn_, ^ 0(.xIdx)-(FxAx)(l) ^ (4.4) 

where tt is the composition of vr x Idx :PxX— >FxXxX and the projection 
FxXxX— i>FxXto the first and third factors. 

Let vTj (respectively, vfj) be the natural projections on PxX (respectively, FxX). 
By ( Km and flXT^ . Ci{R^'Ku{£ 7r*Ox{-ki))) equals 

ci (Op(l)) - k{n2 o 7r)*£ + (vfi o 7r)*ci (4.5) 

where An-i,k is defined in (14. 2p . and C2{R^ttu{S ® n20xi—ki))^ equals 

(ci (a(l)) - k{n2 o 7r)*£) ■ (^1 o 7r)*Ci {An-i,k) ■ (4.6) 
In addition, we conclude from (14.11) that 

ci(Op(l))' = 7r*ci(^„_i) ■ci(Op(l)) -7r*C2(^„-i) 



7r*(2,-l)-ci(Op(l)) 



TT 



n-1 



(2,o)-(o,-i) + ^r, 



(4.7) 
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Fix a point p G T and let Vi = Sn-i\{p}xx- Consider F{Vi) C P C M{n). By 
Definition EH (gSD, dSD and (HZD, we obtain 

e|p{Vi) = 27r*£, 

5\nv^) = ci(Op(y,)(l)) + (n- l)7r*£, 

^fc|p(yi) = -('^fe - -kTT*i) 

ci(a(v,)(l))' = -vr*£-Ci(Op(y,)(l)) -(n-l)7r*a; (4.8) 

where by abusing notations, vr denotes the natural projection P(Vi) X. 

Define Si e i/4(^(^); C) to be the surface 7t-\{p} x £) c F{Vi) C P C m{n) 
where £ C X = P^ is a fixed line. Then we have 

■ Si = 0, e • 5 ■ Si = 2, 5^ -^1 = 211-3, 
To ■ Si = n — 2, Ti ■ Si = 3?2 — 3, r2 ■ Si = 5n — 10. (4.9) 

Next, define S2 G if4(9Jl(n); C) to be Ci ((9p(y-^)(l)) regarded as a 2- dimensional 
cycle in dJt{n) via the inclusion P(yL) C dJt{n). Then 

• S2 = 4, e ■ 5 ■ S2 = 2n - 4, 5^ ■ S2 = - 5n + 5, 
To ■ S2 = (n - 2)2, n ■ S2 = (n - l)in - 5), r2 ■ S2 = (n - 2){n - 10). (4.10) 

4.2. The homology classes S3,S4 G H4{Tl{n);C). 

Fix a line £ C X = P^. Let = 7r-^(r x £) c P C M{n) where F, P and vr are 
from the previous subsection. By Definition 13.11 (14.31) . (14. 5 p and (14. 6p . 

e\w = 7r*(2n-4,2), 

6\w = Ci{Owil)) +Tr*{n^ -2n-l,n-l), 

Tk\w = vr*(2a„_i,fc-2(rfe-l),(2A; + l)(r,,-l)) ■ci(0;4'(l)) 
+ ((rfe - l)(n - 3) - 2kan-i,k) 

where x G F x £ is a fixed point and by abusing notations, vriW^— i>Fx£ = P-^xP-^ 
stands for the natural projection. In addition, by (14. 7p . we conclude that 

ci {Ow{l)Y = vr*(2, -1) ci {Ow{l)) - {n - 3) 7r*x. (4.11) 

Define S3 G H4{M{n);C) to be the surface 7r"^(F x {y}) C C M(n) where 
y E i is a fixed point. A straightforward computation shows that 

■ S3 = 0, e ■ 5 • S3 = 2n - 4, 6^ -33 = 271^- An, 
ro-S3 = 2n-4, n ■ S3 = 0, r2 ■ S3 = -2n + 4. (4.12) 

Define S4 G H^iMin); C) to be Ci{Ow{l)) regarded 2-dimensional cycle in 
97l(n) via the inclusion W C dJt{n). Then we have 

■ S4 = 8{n - 2), e • (5 ■ S4 = 4n2 - 12n + 10, 6^-3^ = 2n^ - Sn^ + 9n - 1, 
To ■ S4 = - 5ra + 6, n ■ S4 = - 1, rs ■ S4 = (n - 2)(n + 9). (4.13) 
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4.3. The homology class H5 G Hi(M{n);C). 

Since n > 3, the moduli space dJl{n — 2) is nonempty. Fix a vector bundle 
V2 G Dyt{n — 2) and two distinct points Xi, X2 G X. Let S5 C parametrize all 

the sheaves V G 9Jl(r2) sitting in exact sequences: 

Then we have the isomorphisms S5 = P(V^U-i) x ^{V[j,^) = x Moreover, a 
universal sheaf £' over S5 x X sits in the exact sequence: 

Q ^ 8' ^ ■nlV2 7r^Opi(l)|pixpix{a'i} © T^2^¥^iX)\w^xf^x{x2} ~^ 

where vTj and vfj denote the z-th projection on S5 x X and P^ x P-*^ x X respectively. 
Tensoring the above exact sequence by n^Oxi—kt)) and applying tti* yield 

^ 0=5(1,0) ©0=5(0,1) ^ R\i,{S' (^'kIOx{-M)) ^ off (^'^2 ^ 

where < A; < 2. Therefore ci (i?Vu(f ' O 7r*Ox(-H))) = 01(0=5(1,1)) and 
C2(i?Vu(£' ® 7r^Ox(-H))) = 1 for < A; < 2. It follows from Definition O that 

e|=5 = 0, 5^5 = 01(0^5(1,1)). 
Regarding S5 G if4(93T(n); C), we obtain the intersection numbers on 9Jl(n): 

• H5 = e ■ (5 ■ H5 = 0, 52 ■ H5 = 2, To ■ H5 = ri • H5 = r2 ■ S5 = 2. (4.14) 

4.4. The surface in M(n). 

Fix a vector bundle V2 G 3Jt(n — 2) and a point x <Z X. Fix a trivialization of V2 
in an open neighborhood of x. Let X'^1 be the Hilbert scheme parametrizing 
the length-2 closed subschemes of X, and let 

M2{x) = {ie xi2]| Supp(0 = {x}} = P^ 

For C, G M2{x), let : Ox —>■ Og be the natural quotient morphism. 

Let = P"*^ X M2{x) be the subset of 9Jt(n) parametrizing all the sheaves 
V G DXt{n) sitting in extensions of the form 

^ V _ ^ 

where G M2{x), and for (a, 6) G P\ the map V2 O5 denotes the composition: 

V2 ^ = L^O:, ' '-^e 

Next, we construction a universal sheaf over Sg x X = P"^ x M2{x) x X. Let 
denote the projection of P^ x M2{x) x X to the product of the zi-th, . . . , 
im-th factors. Over Sg = P^ x M2{x), there is a tautological surjection Of^^ — 
^=6(1, 0) 0. This pulls back to a surjection over P^ x M2{x) x X: 



(^gxx--<ai(l)-0. (4.15) 
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Let Z2{x) be the universal codimension-2 subscheme in M2{x) x X, and let 
OM2{x)y.x Oz2{x) — > be the natural surjection. Pulling back to x M2{x) x X 
yields a surjection: 

C^HexX - ^h^Z^i.) - 0. (4.16) 

Tensoring (14.151) and (14.161) . we obtain a surjection 

Oil^x ^ ® ^h^z.^.) - 0. (4.17) 

Since Z2{x) is supported on M2(x) x {x}, in view of the trivialization of V2 near 
X, (I4.17P induces a surjection 713^2 — > 7r^(!?pi(l) ® 7r2_3C22(x) ^ 0. The kernel of 
the map tiIV2 — > 7rj['Opi(l) ® vr2 3022(2:) is a universal sheaf over Sg x X: 

Q-,S' ^ TilV2 vr*Opi(l) ® 43O22W ^ 
It follows that for < A; < 2, we have the exact sequence over Sg: 
^ ^tOpi(l) ® 7^2*((^I|m2(.)) - i?^(7ri,2).(^'®7r3*Ox(-H)) (^.^^(-^)) ^ 

where tti and Ti2 are the two natural projections on Sg = P"*^ x M2(x), and O^"^ is 
the tautological rank-2 bundle over the Hilbert scheme whose fiber at a point 
^ G XP] is the space H^{X, Og). It is well-known that -2ci(c2') = M2(X) where 
M2(X) C Xt^l consists of all the elements ^ G Xt^l such that |Supp(OI = 1- Since 
M2{X) ■ M2{x) = —2, we conclude from the above exact sequence that 

ci(i?'(7ri,2)*(r®vr3*Cx(-H))) = (2, 1) G Pic(S6) = Pic(P^ x P^) 
C2{R\r^^,2).{S' ®7r;Oxhki))) = 1. 

By Definition 13. H we get the six intersection numbers on 9Jt(n): 

e2 ■ Se = 0, e ■ 5 ■ Se = 0, 5^ . = 4, 
ro-H6 = -2n + 6, n ■ = -2n + 4, ra ■ = -2n + 6. (4.18) 
Now we can summarize the above in the following proposition. 
Proposition 4.2. Let n > 3. Then {Si, . . . , Sg} is a linear basis of H4{dJt{n); C). 

Proof. Note from (gS]), (HTTU]) . (1^]) . (HTT^ . fimj) and fITOD that the intersection 
matrix between the classes Ei, . . . ,Eq and the classes e^,e ■ 5, 5^, Tq, ti, r2 has a 
nonzero determinant. Since H4{DJl{n)]C) has dimension 6, our result follows. □ 

5. The restriction of the obstruction sheaf on certain open subset 

From the previous section, we see that, if we let 3Jl*(n) = 53* U 9Jt(n), then the 
classes Si, S2, 53,^4 lie in DJl^{n) while S5 and Sg lie in the complement 9Jl(n) — 
071* (n). Since a stable map [fx: {D,p) — >• 3Jl(n)] in eW]~^(Sj) C Tlo,i{Tl{n) , df) has 
/x(p) G Sj for 1 < 2 < 4, we have /i(-D) C In this section, we use the geometric 
construction of OS* in Subsect. l3.2l to effectively compute the virtual cycle restricted 
to et'jf^(Q3*). The result will be used to compute the Gromov-Witten invariants 
(«)o,df when a is dual to the classes Si, S2, S3, S4. 
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Fix d > 1. Consider the open subset Do of ^Mo^o{n{n) , df) consisting of stable 
maps [/i: -D — s> 3Jt(n)] such that /i(-D) C ^M^{n). Similarly, take the open subset 
Di of ^Mo^l(DJl{n) , df) consisting of stable maps [yu: {D;p) — > OJl(n)] such that 
^i{D) C M^n). Clearly Di = fi^o{Oo). Let [/i: {D;p) M{n)] G Di. Since 
fj.{D) = df in H2{n{n);Z,), fi{D) C *B* and /i(-D) is a fiber of the projection vr. 
Moreover, the composition \[' o evi sends the stable map [fi: {D;p) — > 9Jt(n)] to a 
point in 9Jt(n — 1) x X C il(n), which is independent of the marked point p on D. 
Hence evi induces a morphism from Do to !H(n — 1) x X. Putting evi = efi|oi 
and fifi = /i,o|ou we have the following commutative diagram: 

Di 

(5.1) 

Do ^ m{n - 1) X X ^ X. 
Note that the fiber (f)~^{Vi,x) over a point {Vi,x) G OJl(n — 1) x X is simply 

Mo47r-\V,,x),d[7T-\V,,x)]) 

which is isomorphic to 3Jto,o (P"*^ ? (i[P^]) via the isomorphism 7c^^{Vi, a;) = P^. Hence 
the complex dimension of the open subset Do C TlQfi(9yi{n), df) is equal to 

dimMo,o(P\ d[F^]) + dim ajl(n - 1) + dimX 
= {2d - 2) + [4(n - 1) - 4] + 2 
= 2rf + 4n-8. 

Since ■ df = 0, the expected dimension of Do C DJlofi{n{n) , df) is (4?t, — 7) 

by (12. 2p . Hence the excess dimension of Dq is e = {2d — 1). 
Let V be the restriction of -R^(/i,o)*(ef i)*T^(„^ to Do. 

Lemma 5.1. (i) The sheaf V is locally free of rank {2d — 1); 

{ii) V = R\f\o)*{evirO^,{'S,). 
Proof, (i) Take a stable map u = [fi: D —>■ njl(n)] in Do, and consider 
H\f^^^{u), (et;rr^(„))|^-.(„)) - i7i(D,/i*T^(„)). 

Since IJ'{D) = is a fiber of the projection vr, we see from Lemma [3.41 (iii) that 

TwihUd) = (^S^r^ ® 0.(D)i-'^) © 0,^n){2). 
Thus {D , fi*T^^,^^) = if^(D, /i*(9^(£))(— 2)) whose dimension equals the excess 
dimension e = {2d — 1). Therefore, the restriction V of -R^(/i,o)*(ef i)*T^(„-) to Do 
is a locally free sheaf of rank {2d — 1). 

(ii) Since evi{Di) C 23*, we have ((ewi)*%(„))|Di = (e^^i)*(^OT.(n)l'BJ and 

V = (i?'(/i,o)*(et^i)*T^(„))|oo = i?'(/i,o)*(((etM*T^(„))|£)J 
= R\fi,o)*{eviy{T^^^^\<B,). 
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Since is smooth of codimension-1 in DJl{n), we obtain the exact sequence 

O^T^,^ %(„)l^, ^ 0fB.(53.) ^ 0. (5.2) 
Applying (eui)* and (/i,o)* to the exact sequence (15.21) . we get 

R\fi,o).{evirT^, ^ V ^ R\fi,o)*{eviyO<B.{^,) 0. (5.3) 

where we have used R"^ (fifi) *{evi)*TfQ^ = since fi^ is of relative dimension 1. 

If [fi: D ^ Tl{n)] is a stable map in Do, then /i(-D) is a fiber of the projection 
TT in (13. 9p . Hence the normal bundle of fi{D) in OS* is trivial. Therefore we 
have T^XiD) = O^^-'^ © Omz5)(2), and H\D,f,*T^J - ifi(D, /i*(0®g;-^) © 
C)^(^)(2))) = 0. It follows that R\fi,o)*ievi)*T<s, =0. □ 

Proposition 5.2. Put C = det(£^°_^). Then V sits in the exact sequence 

^ ©^i*OOT(„-l)(S?n-l) ®^2*(^X(2£)) ^ V 

^ i?H/i,o)*e~<(7r*(f o_i)* ® 0>B.(-1)) ® 0*(vfi*O9n(n-i)(I)n-i) ® ^2(^x(2£)) ^ 0. 

Proof. Recall that = F{S^_^). The kernel of the tautological surjection n*S^_i 
C^!B*(1) — > is a line bundle. By comparing the first Chern classes, we get 

-> TT*/: © 0^,i-l) ^ 7r*£^_, ^ 0^,(1) ^ 0. 
Tensoring with tt*C~^ © (9tB^(— 1), we obtain the exact sequence 

^ C«B.(-2) ^ 7r*(^°_i © £-1) © C?8.(-l) ^ 7r*/:-i ^ 0. 
Note that £^_^ © ^ (i""^!)*- Applying ev^ to the above exact sequence yields 

0^e'^;*O<8.(-2) -^el;*(7r*(^°„i)*©Ca3,(-l)) ^ {n o ev^yC-' ^ 0. 
By (15. ip . vr o evi = o /^^ q- Rewriting the 3rd term, we have 

^ evlO<s,i-2) ^ e~t;*(7r*(Ci)* ® (^a3.(-l)) ^ /i>*/:"' ^ 0. (5.4) 
Applying the functor (/i,o)* to (15.40 . we get the exact sequence 
^ 4>*C-'^R\f^^o)*{ev^yO^,{-2) 

R\f\oyevl{'K*{S'^_,y © Oq3,(-1)) ^ 
where we have used the projection formula, (/i,o)*C^Oi — C^Oo? aiid 

R\fi,oyOo, = 0, (/i,o)*el;*(7r*(^o_i)* © Oa5.(-l)) = 0. 
By Lemma [5. II and Lemma [3.31 we obtain the desired exact sequence for V. □ 

Remark 5.3. Fix a point (V^i, x) e m{n - 1) x X. Via (l)-\Vi, x) ^ Mo,o(P\ d[F^]), 
the restriction of R^{fifi)^evl[7r*{£^y © (9<b. (— 1)) to 0"^(Vi,a;) is isomorphic to 

i?'(/i,o)*(et^i)*((^pi(-l) © (^pi(-l)) 
where by abusing notations, we still use f\^Q and evi to denote the forgetful map 
and the evaluation map from Mo,i(P\ c?[P^]) to Mofi(F\ c/[P^]) and respectively. 
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6. The virtual fundamental class [DJlo,i{'^{n), df)Y^^ 

As we saw in the construction of the classes Sj, S5 and Hg don't lie in 03*. The 
method to compute the virtual cycle restricted to efjf^(Sj) in the previous section 
won't work for i = 5,Q. In this section, we shall employ the localization method 
of Kiem-Li to find a sufficiently small closed subset of Tl{n) containing the image 
of the virtual cycle under the evaluation map evi. The result will be used to show 
the vanishing of the Gromov-Witten invariants (a)o,df when a is dual to H5, Sg. 

Let X = P^, and let Co C X be a smooth cubic curve. Recall that the Zariski 
tangent space of 9Jt(n) at V G !H(n) is canonically Ext^(V,V^). Therefore, the 
natural map Kx = Ox{—Cq) Ox induces a meromorphic 2-form G on the 
moduli space !H(n) given point-wisely by 

Ext\V, Vy ^ Ext\V, V®Kx)^ Exi\V, V). (6.1) 

Note that 6 is holomorphic at G 97l(n) if (16.11) is an isomorphism. 

The constructions in |K-Ll IL-L] show that the meromorphic 2-form G on the 
moduli space 3Jl(n) induces a meromorphic homomorphism: 

r]:S^O (6.2) 

over Tlo^i{dR{n),df). Here £^ is a suitable bundle on 9Jlo,i(9Jl(n), df) such that 

pO,l(^(ri),f/f)]"'Gff2{4n-6)(A) 

where A C 97to,i(93T(n), (if) is the degeneracy loci consisting of points at which 
either the map rj is undefined or not surjective. 

Next, we analyze the degeneracy loci A. Let [/i : {D;p) DJl^n)] G A. Since 
= (if, /i(-D) is contracted to a point by the Gieseker-Uhlenbeck morphism "if. 

Lemma 6.1. Let [fi : {D]p) — > 9Jl(?7,)] G A, and put 

(^ o ^){D) = {Vk, C) G m{n -k)x Sym\X) C ii{n) 

for some 1 < k < {n — 1). Then, either Supp(C) fl Co 7^ or Vk\co ™^ stable. 

Proof. Assume that Supp(C) fl Co = and Vfc|co is stable. We will draw a contra- 
diction by showing that rj is both defined and surjective at [/i : {D;p) — * 9Jl(n)]. 

Note that 77 is defined at [/i : {D;p) OJl(n)] if 9 is holomorphic along fi{D). 
Let V G fi{D). Then, V** = 14 and we have O^V-^Vk^Q^O where Q 
is a torsion sheaf with J^xex Qx) x = (. So V\co = Vk\cQ is locally free and 
stable. From ^ Kx ^ Ox ^ Oco ^ 0, get ^ V ^ Kx ^ V ^ V\co 0. 
Applying the functor Hom(V, ■), we obtain a long exact sequence: 

^ Hom(V, V^Kx)^ Rom{V, V) Hom(V, V\co) 
Ext\V, V®Kx)^ Ex\}{y, V). 

Since V and Vk\co stable, we have Hom(V, V) = C, Hom(V, V ® Kx) = and 
Hom(V", V\co) = Hom(Vfc|co5 ^fc|co) — C. The above exact sequence is simplified to 

-> Exi^iy, V®Kx)^ Ext^(V, V). 



16 



WEI-PING LI AND ZHENBO QIN 



Since dim Ext (V, V (S> Kx) = dim Ext (V, V), we obtain an isomorphism 

Ext\V, V®Kx) = Ext^y, V). 

Hence the meromorphic 2-form G is defined at V G f^{D). This proves that G is 
holomorphic along fi{D). So r] is defined at [fi : {D;p) 97t(n)]. 

The above argument also shows that Q\^{d) is an isomorphism. Since n is not 
a constant map, the image of /x* : T^^^^ — > Tj^^^^ does not lie in the null space 

of G : T^(„-) where Dreg denotes the smooth part of D. By the 

vanishing criterion in |K-L] . rj is surjective at [/i : {D;p) — > DJl{n)]. □ 

Lemma 6.2. Let Co C X = 5e a smooth cubic curve. Let n > 1, and let 
V G DJl{n) be generic. Then, the restriction V\co is stable. 

Proof. It is well-known that the cotangent bundle Qx is stable. So Qx ® C^x(l) G 
071(1). Let ^ consist of {n — 1) distinct points away from Cq. Choose a surjection 
® Ox{l) O^, and let Vq be the kernel. Then Vq G M{n) and 1/o|co = 
(flx'^Ox{i)) \co- Since is irreducible and the open subset OJt(n) is nonempty, 

our lemma will follow if we can prove that (fix ® Oxi^)) \co is stable. 

Let Cco(-D) be any sub-line-bundle of (Qx ® C'x(l))|co- Note that the degree 
of (fix ® Ico is —3, and there is an exact sequence 

(fix ® Ox{l))\co - Of^ Ox{l)\c, - (6.3) 

induced from the exact sequence fix Ox{~^)®^ Ox 0. Thus 

deg(D) < 0. (6.4) 

If deg{D) = 0, then D must be the trivial divisor and Oca{D) = Ocq- So 
i/°(Co, {flx®Ox{l))\co) ^ 0. On the other hand, ([S3D induces an exact sequence 

^ if°(Co, [fix ® Ox(l))|co) - ^°(C^o,0g) ^ i/°(Co,Ox(l)|co)- 

The image of /ois i/0(X,Ox(l))|co = ^°(Co,0x(l)|co)- So /o is surjective. Since 
H'^[Co, C®^) and H'^^Cq, Ox{^)\co) have the same dimension, /o is an isomorphism 
and if°(Co, (fix ® C'x(l)) |co) = 0- Hence we obtain a contradiction. 

If deg{D) = — 1, then Cco(-D) = Oco{—x) for a unique x G Cq. So the map 

H%Co,Oc,{xr') ^ H%Co,Ox{l)\co ® (^CoW)- 

induced from (16. 3p is not injective. On the other hand, since H^{Co, Oca{x)) = C, 

im(/i) = H\X,Oxmco® H%Co,Oc,ix)) 

= H%Co,Ox{l)\co)®H%Co,Oco{x)) 

C H%Co,Ox{l)\co®Oc,{x)). 

So the linear system corresponding to im(/i) consists of all the elements i\co + x 
where i denotes lines in X. In particular, the dimension of im(/i) is 3. Thus /i 
must be injective. Again, we obtain a contradiction. 

By ([S3D, deg(D) < -2. Therefore, (fix ® Cx(l)) |co is stable. □ 
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Definition 6.3. For n > 2, we define Icoi^) (respectively, iico{n)) to be the subset 
of OJl(n) consisting of all the non- locally free sheaves V such that V\cq contains 
torsion (respectively, V\cq is torsion-free and unstable). 

Lemma 6.4. Let V G m{n) - m{n) and = [Vk] (). Then, 

(i) V e 1co{n) if and only if Supp(C) nCo^ 0; 

(ii) V G iica{n) if and only z/Supp(C) fl Co = and Vk\co ^■^ unstable. □ 
Lemma 6.5. (i) ievi){A) C Zcoin)U^Coin); 

(ii) Both %Co{^) o.^'^d T(7o(^) IJ-^Co(^) closed subsets ofTl{n). 



Proof. By Lemma \Q.1\ the image of a point in (efi)(A) under is of the form 

{Vk, G m{n -k)x Sym^X) C ii{n) 

where 1 < < (n — 1), and either Supp(C) fl Cq 7^ or Vk\co is not stable. So we 
see from Lemma [6.41 that (efi)(A) C 2^Co('^) IJ-^Co(^)- This proves (i). 

Since being torsion- free and being stable are open conditions, both Tco(^) and 
(^) U iico ('^) are closed subsets of DJl^n). This proves (ii). □ 

7. The 1-point Gromov-Witten invariants 

Now we are ready to compute the 1-point Gromov-Witten invariants 



{a)o,df = r_ _ .vir evla (7.1) 

where a G H^'^'^'^{D)l{n); C) denotes the Poincare duals of the classes Si, . . . , Sq G 
i?4(9Jt(n); C). By abusing notations, we use to stand for both the class in 
Hilmln); C) and its Poincare dual in /7S"-i2(mt(n); C). 

Lemma 7.1. (Si)o,df = —Q/d'^. 

Proof Let a = Si. By Subsect. SH Si = n-^{{Vi} x i) = F{Vi\i) where the stable 
vector bundle Vi G Wl{n — 1) and the line £ C X are fixed. Let OJl = (efi)^^(Si). 
Then OJl C Oi. By Prop. 15.21 and Prop. 12.11 for k = 1 and O = Di, we obtain 



[OTo,i(an(n),df)J -'(/i,o)*C2d-i(V) 

{evi)*a (7.2) 

(/i,o)*<A*(-'C+S-i*S)„-i+2S*Q-{/i,„)*C2d_2{]E) 

where E = i?H/i,o)*el;; (tt* (£:]>)* ® ^^^.(-l)) ® 0*(^i*O9n(n~i)(I)„-i) ® ^2* (^x(2Q 
Note that Si C 53* and o /i q = tt o eui. So we obtain 

(")o,df 

= (e~i;i)*7r*(-/: + vf^D^.i + 27^2*^) ■ (/i,o)*C2d„2(E) ■ (e'^;i)* ([Si] • ci(0^.(^.))) 
= (/i,o)*C2,-2(E) ■ (e~t;i)*(7r*(-£ + ^tS)„_i + 27^2*£) ■ [Si] ■ Ci(Oa5,(*B,))) . 
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Recall the definitions of L and 2?„_i in Proposition 15.21 and Lemma [3.3[ We have 
£ = det = (2, -1) G Pic(r x X) (7.3) 

= 2a„_i,i - a„_i,2 - an-1,0 = 2 G Pic(r) (7.4) 
Ci(0«B.(23,))|p = -2ci(Op(l))+7r*(2,2) G Pic(P) (7.5) 
in view of the exact sequence (14. ip . the degrees in (14. 3 p and Lemma [3l3l Thus, 

(«)o,df = (/i,o)*C2rf-2(E) ■ (el;i)*(7r*(0,3) • [Si] ■ ( - 2ci(Op(l)) + 7r*(2,2))). (7.6) 
Since [Si] = 7r*({Vi} x £), it follows immediately that 

(«)o,df = -6 ■ (/i,o)*C2,-2(E) ■ (e~t;i)*[^] (7.7) 

where [^] denotes the cycle of a fixed point ,^ in P C 23*. 

Let aJl'i = (el;i)-i(0 = {evxY^{i). If [/i: (D;j9) ^ M(n)] G OJl'i, then /i(p) = i 
and 7r(^(D)) = 7r(/i(p)) = 7r(0 = (V^i,a;) G m[n - 1) x X. So /^(D) = f which 
denotes the unique fiber of vr from (13.91) containing the point ^ G ?B*. Thus the 
restriction of the forgetful map /i o to OJl'i gives a degree-ci morphism from OJt'i to 

= /i,o(9?i'i) = r'(^i,x). 

Hence, as algebraic cycles, we have (/i,o)*[9?^'i] = (^[^o] = ^' 0*[(^i)2;)]. By (17. 7p . 
(a)o,df = -6 ■ C2d-2(E) ■ (/i,o)*[3?t'i] = -6rf ■ C2d-2(E) • 0*[(Vl,x)] 

= -6(i ■ C2d-2 (E|<^-i(y^,^.)) . (7.8) 

By Remark [531 = i?i(/i,o)*(et;i)*(Opi(-l) © Opi(-l)) where /i,o 

and ev\ denote the forgetful map and the evaluation map from the moduli space 
mio,i(P\f^[P^]) to ^o,o(P\rf[P^]) and respectively. We have 

C2d~2 {R\hfi)A^v^)\0^.{-\) © Opi(-l))) = ^ 

by the Theorem 9.2.3 in [OK] . Therefore, (a)o,df = -G/d^ by (fH]). □ 

For i = 2, 3 or 4, we may assume that the classes S2, S3 and S4 are represented 
by complex surfaces in P C 03*. The same proofs of (17. 6p and (17.71) show that 

(S,)o,rff = a, ■ (/i,o)*C2d-2(E) ■ {evxr\i\ 

where [^] denotes the cycle of a fixed point ^ in P C *B*, and 

ai = 7r*(0, 3) ■ [S,] • ( - 2ci(Op(l)) + 7r*(2, 2)) (7.9) 

is the intersection number in P. Note from the last two paragraphs in the proof of 
Lemma O that (/i,o)*C2d_2(E) • ievi)*[Q = Therefore, 

(S.)o,.f = jr (7.10) 

Theorem 7.2. Let d > 1 and n > 3. The Gromov-Witten invariants (a)o,df for 
the classes a = PD(Si), . . . , PD(S6) G H^"'^^'^{n{n); C) are respectively equal to 

-6/rf^ 12/^2, 0, -6/c^^ 0, 0. 
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Proof. First of all, (!Ei)o,df = —6/(f is Lemma mi 

Next, (H2)o,df = follows from the computation of the number in (17.91) : 

a2 = ■ ci(Op(vo(l)) ■ ( - 2ci(Op(y,)(l)) + 2n*£) = 12 

by fl4.8p . where n : P(Vi) X denotes the tautological projection. 

Since S3 = 7r~^(r x {y}) with y E X, (S3)o,df = comes from the computation 

as = 7r*(0, 3) • [S3] ■ ( - 2ci(a(l)) + 7r*(2, 2)) = 0. (7.11) 

Similary, (H4)o,df = —Q/d? follows from the computation 

a4 = 7r*(0, 3) ■ ci{Ow{l)) ■ ( - 2ci(0^(l)) + 7r*(2, 2)) = -6 

by (HTTD . where = 7r-^(r x C P C M{n) for a fixed line (idX. 

To prove (S5)o,rff = 0, choose the vector bundle V2 G 07l(n — 2) and the distinct 
points Xi,X2 G X in Subsect. 14.31 such that V2IC0 stable and Xi,X2 ^ Cq. By 
LemmaEIl SgH (TcoHUilco(^)) = 0- Hence 'E^r]{evi){X) = by LemmaE51(i)- 
Since po,i(M(n), df)]"' G iJ2(4n-6)(A), we get 

{E,)o,df = L _ ^^,evlE, = evu[Mo,imn),df)Y''-E, = 0. (7.12) 

Finally, to prove (H6)o,df = 0, choose the vector bundle V2 G 9Jt(n — 2) and the 
point X G X in Subsect. 14.41 such that V2IC0 stable and x ^ Cq. Now our result 
follows from the same proof in the previous paragraph. □ 

Remark 7.3. Let d > 1 and n > 3. Using the Theorem above, one can show that 
ei;i,po,iPH,rff)]"' = l/d^1co{n). 
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